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I. INTRODUCTION 

For nucleon-nucleon |[ ^, ^ and hypcron-nucleon 
scattering we have shown that the Extended-Soft-Core 
(ESC) models for baryon-baryon interactions give an ex- 
cellent description of the NN and YN data. So far, the 
applications of the ESC-model has been in configuration 
space. In two papers we give a momentum space repre- 
sentation of the ESC-potentials. Also, we describe a fit 
to the pp- and np-data for < Tiab < 350 MeV, having 
X^/^data = 1.15. Here, we used 20 physical parameters, 
being coupling constants and cut-off masses. 

In synopsis, an account of a modern theoretical basis 
for the soft-core interactions has been given in ||l| . Start- 
ing from the so called Standard Model and integrating 
out the heavy quarks one arrives at an effective QCD for 
the u,d,s quarks. The generally accepted scenario is now 
that the QCD-vacuum becomes unstable for momenta 



transfers for which Q < 



1 GeV" 



caus- 



ing spontaneous chiral-symmetry breaking (xSB). The 
vacuum goes through a phase-transition, generating con- 
stituent quark masses via (O|V''0|O) ^ 0, and reducing the 
gluon coupling as- Viewing the pseudo-scalar mesons tt 
etc. as the Nambu-Goldstone bosons originating from 
the spontaneous x^B, makes it natural to assume quark 
dressing by pseudo-scalar mesons, and also other types of 
mesons in general. In this context, baryon-baryon inter- 
actions are described naturally by meson-exchange using 
form factors at the meson-baryon vertices. As a working 
hypothesis, we restrict ourselves for low energy scatter- 
ing to a treatment of the the hadronic-phase. Integrating 
out the heavy mesons and baryons using a renormaliza- 
tion procedure a la Wilson we restrict ourselves to 
mesons with M < 1 GeV/c^, arriving at an so-called ef- 
fective field theory as the proper arena to describe low 
energy hadron scattering. This is the general physical 
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basis for the Nijmegen soft-core models. 

In this paper, hereafter referred to as I, a representa- 
tion for the ESC-interactions in momentum space is pre- 
sented, which is very elegant and useful for applications 
in momentum space computations. 

We solve basically the problem of finding a suitable rep- 
resentation of the TME-potentials in momentum space in 
general, and in particularly with gaussian form factors. 
As is apparant from the configuration space representa- 
tion, given in ^ [|, \T^ , we have to evaluate forms like 



dX F{A^,X) G((A-k)2,A) , 



which at first sight means an extra numerical integral, 
besides the usual convolutive integration over the A- 
momentum. Here, F and G contain the couplings, gaus- 
sian form factors, and momentum space Yukawa func- 
tions for the two exchanged mesons. Fortunately, the 
integrations over the X-parameter can be carried through 
analytically, as we shall show in the sequel. The rep- 
resentations obtained in this paper contain only two pa- 
rameters, henceforth called t and u, to be integrated over 
numerically. Moreover, the (t,u) -integration region is ef- 
fectively over a finite domain, this in view of the exponen- 
tials exp(— and exp(— m|w) in the integrands. Also, 
the strong gaussian-like fall off in the off-shell region, typ- 
ical for the soft-core interactions, is easily realized. To 
realize the latter property of the momentum space poten- 
tials is problematic, when these potentials have to be gen- 
erated numerically from configuration space via Fourier 
transformation. 

The partial wave projection formulas on the LSJ- 
partial wave basis are developed for the TME-potentials 
in momentum space. Like for the OBE-potentials in 
we expand the momentum space potentials in the Pauli- 
spinor invariants. The partial wave basis is choosen ac- 
cording to the convention of Explicit formulas are 
worked out for general pseudoscalar-pseudoscalar (ps-ps) 
exchange. 

In paper II [ pO| , the momentum space representation 
for the ESC Meson-Pair-Exchangc (MPE) potentials is 
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described. Here, we moreover present a fit to the NN- 
data for < Tiab < 350 MeV. In this ESC-model included 
are the contributions from OBE-. PS-PS-cxchange, and 
MPE. 

The contents of this paper are as follows. In section II 
we review the definition of the ESC-potentials in the con- 
text of the relativistic two-body equations, the Thomp- 
son, and Lippmann-Schwinger equation. Here, we ex- 
ploit the Macke-Klein framework in Field-Theory. 
For the Lippmann-Schwinger equation we introduce the 
usual potential forms in Pauli spinor space. We include 
here the central (C), the spin-spin (a), the tensor (T), the 
spin-orbit (SO), the quadratic spin-orbit {Qi2), and the 
antisymmetric spin-orbit (ASO) potentials. For TME- 
exchange, in the approximations made in ^ only the 
central, spin-spin, tensor, and spin-orbit potentials oc- 
cur. In section III the special representation for the 
ESC-interactions in momentum space is developed and 
illustrated using some basic examples. In section IV 
the general ps-ps exchange is presented. In section V 
the projection on the plane wave spinor-invariants is car- 
ried through for general ps-ps exchange. The adiabatic 
terms, non-adiabatic, pseudovectorvertex, and off-shell 
1/M-corections are given explicitly. In section VI the 
partial wave analysis is performed. Finally in section VII 
the partial wave contributions from the adiabatic terms 
and the mentioned 1 /M-corrections are given. 

Appendix A contains some basic integrals which are 
employed in the paper. In Appendix B a dictionary 
is given containing the results of the convolutive inte- 
grations for the operators that occur in ps-ps exchange. 
Appendix C contains the LSJ partial wave matrix ele- 
ments of several important operators. In Appendix D the 
Fourier connection between coordinate and momentum 
space is illustrated in particularly for the ps-ps exchange 
tensor potential. 



II. TWO-BODY INTEGRAL EQUATIONS IN 
MOMENTUM SPACE 



A. Relativistic Two-Body Equations 

We consider the nuclcon-nucleon reactions 

N{pa, Sa) + N{pb, Sb) N{pa',Sa') + N {pb< , Sf(^.l) 

with the total and relative four-momenta for the initial 
and the final states 

P =Pa+Pb , P' =Pa' + Pb' , /2 2) 

P = 5(Pa -Pb) , P' = ^{Pa' ~Pb') , 

which become in the ccnter-of-mass system (cm-system) 
for a and b on-mass-shell 



P={W,0) , p=(0,p) , p' = (0,p') 



(2.3) 



In general, the particles arc off-mass-shell in the Green- 
functions. In the following of this section, the on-mass- 
shell momenta for the initial and final states are denoted 



respectively by Pi andp/. So, p° = Ea{pi) = y/pf + 
and p^, = Ea'iPf) = ^Jp} + M^, , and similarly for b 
and b'. Because of translation-invariance P = P' and 

W = EaiPr) + Eb{p,) - Ea'iPf) + Ef (p f) ■ The 

two-particle states we normalize in the following way 

(p'l,P2|Pl,P2) = {2TTf2E{pi)S^p[-pi)- 

xi2TTf2E{p2)5'{p'^-p2) .(2.4) 
The relativistic two-body scattering-equation reads 

^ip,P) = <(p,P) + G(p;P) 

X [dyi{p,p') yj{p',P) , (2.5) 



where iIj{p, P) is a 4 x 4-matrix in Dirac-space. The 
contributions to the kernel I(j),p') come from the two- 
nucleon irreducible Feynman diagrams. In writing (2.5) 
wc have taken out an overall 5'^{P' — P)-function and 
the total four-momentum conservation is implicitly un- 
derstood henceforth. 



The two-particle Green function G{p; P) in (2.5) is sim- 
ply the product of the free propagators for the baryons of 
line (a) and (b). The nucleon and more general for any 
baryon the Feynman propagators are given by the well 
known formula 



W{p) 



p2 _ ^//2 ^ 



(2.6) 



(s) 

where v^J^y is the free Rarita-Schwinger field which de- 
scribes the nucleon (s =_|), the A33-resonance (s = |), 
etc. (see for example [|6|). For the nucleon, the only 
case considered in this paper, {^} = and for e.g. the 
A-rcsonance {/i} = /i. For the rest of this paper we deal 
only with nucleons. 

In terms of these one-parti cle Green- functions the two- 
particle Green- function in (2^) is 



G{p;P) 



i2ny 



n("°)(|p + p) 

(iP+p)2-M2+z5 
1 (b) 



(a) 



n(sb)(ip_p) 
W^pf^Mf^ 



(2.7) 



Using now a co mple te set of on-mass-shell spin s-states 
in the first line of (2.6) one finds that the Feynman prop- 
agator of a spin-s baryon off-mass-shell can be written as 
f7| 



n('*)(p) 



M2 + id 



M 
Eip) 



A^^(P) 



Po - E{p) + iS 

Ay(-P) 
Po + E{p) - iS 
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for s = A^^'(p) and AL^^(p) are the 

on-mass-shell projection operators on the positive- and 
negative-energy states. For the nucleon they are 

+ 1/2 

A+(p) = u{p,a)<E)u{p,a) , 

CT=-l/2 

+ 1/2 

A-(p) = - J2 v{p,a)(^vip,a) . (2.9) 

cr=-l/2 

I 



where u{p, a) and v{p, a) are the Dirac spinors for spin- 
i particles, and E{p) = y^p^ + M^ with AI the nucleon 
mass. Then, in the cm-system, where P = and Pq = 
W, the Grccn-function can be written as 



G{p; W) 



(27r)4 \Ea{p) 
( Mb 

Ufc(p) 



aL^°'(-p) 



a(-)(-p) 



aL^'^(p) 



\W - po - Ebip) + iS \W -po + Ei{p)-i5 



(2.10) 



Multiplying out ( 2.10D we write the ensuing terms in 
shorthand notation 

G{p;W) ^ G++{p-W) + G+-{p-W) 

+G-+{p;W)+G--{p;W) , (2.11) 

where G++ etc. corresponds to the term with A^°A^'' 
etc. Introducing the wave-functions (see p8[|) 

i^rs{p') = K^K'4'{p) (r,s = +,-), (2.12) 



the two-body equation, (2.5) can be written for e.g. -0 



V'++(p) = i:l+{p) + G++{p-W)- 

X fd^p'Y,Iip,p')++,.sAsip') ,(2.13) 

r,s 

and similar equations for ip^ , ip |_, and 

Inv oking 'dynamical pair-suppression', as discussed in 
[ p^ , ( 2.13| ) reduces to a four-dimensional equation for 
■0++, *-e- 

^++ip') = ^l+ip')+G++ip';W) 

X J dSl{p',p)++,++^++{p) , (2.14) 

with the Green-function 



G++{p-W) = 



(27r)4 

1 
2 
1 



MaMb 



Ea{p)Ek{p) 

W + po - Ea{p) + i5 



K%^\p)K':^H-v) 

-1 



W - po - Eb{p) + i5 



(2.15) 



B. Three-Dimensional Equation 

Following the same procedures as in jl^ we intro- 
duce the three-dimensional wave-function according to 
Salpeter |l| by 



Next, we use for the right-inverse of the f dpo-operation 
nsatz J 



the ansatz proposed by Klein and Macke | p_l[ 

MaMb 



^ Ea{p')Eb{p') 

where the right-inverse is given by 



-Awip'^p'), (2.17) 



Aw{p') = 



W-W{p') 



^^^fI;^\p',p',)fI^\-p',-p',) 

with the frequently used notations 



Fwip,Po) - Po - E{p) + -W + iS 



(2.18) 



W{p) ^ Eaip) + Eb{p) 



(2.19) 



Applying now the pq integration to ( 2.14| ), and perform- 
ing the pg-integration, made possible by the ansatz above, 
one arrives at the Thompson equation [ p^ 

</)++(p') = 0V"|(p') + i?^^^(p';W/) 

X / S^^ K^^^{p',p\W) cP++{p){^.2Q) 



(27r)3 

where the Green function is 
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and the kernel is given by 

(9 9A\ 

(27r)3 {W -W{p') +iS) 



4^\p'-^W)^'J^m^, (2.21) 



MaNh 



{W -W{p')){W -W{p)) 



dpj dpo {fI^\p',p',)f^\~p\~p'M 

) ^ — oo L 

[I{p'o,p';Po,p)U+,++{Fl^-\p,Po)F^\-p,~Po)y' 



(2.22) 



The M/i?-factors in ( 2.22 ) are due to the difference 
between the rclativistic and the non-relativistic normal- 
ization of the two-particle states. In the following we sim- 
ply put M/E{p) = 1 in the kernel K'" Eq. ( 0^ . The 
corrections to this approximation would give (1/A'/)^- 
corrections to the potentials, which we neglect in this pa- 
per. In the same approximation there is no difference be- 
tween the Thompson (2.20) and the Lippmann-Schwinger 



equation, when the connection between these equations 
is made using multiplication factors. Henceforth, we will 
not distinguish between the two. 



The contributions to the two-particle irreducible kernel 
K''^ up to second order in the meson-exchange are given 
in detail in . For the definition of the TME-potential 
in the Lippmann-Schwinger equation we shall need the 
comp lete fourth-order kernel for the Thomp son e quation 
(2.20). In operator notation, we have from (2.20) 



'++ 



■p^irr ^(^~) j^irr 



1 + M 



6?) 



/,(0) 



(2.23) 



which implies for the complete kernel M the integral 
equation 



C. Lippmann-Schwinger Equation 



The transformation of ( 2.24 ) to the Lippmann- 
Schwinger equation can be effectuated by defining 

T(p',p) = iV(p') M{p\p;W) N{p) , 

Vip\p) = N{p') lC''^ip',p;W) Nip) , (2.25) 

where the transformation function is 



N{p) 



2MNiE (p,) - E{p)) 



(2.26) 



Application of this transformation, yields the Lippmann- 
Schwinger equation 

T(p',p) . np',P) + /^ 

xV{p\p") g{p";W) T{p",p) (2.27) 



with the standard Green function 
1 



i2ny 



A:t(p)A';(-p) 



N 



Pi -p'^ + iS 



(2.28) 



(+) 



The corrections to the approximation E, 
are of order which we neglect hencforth. 

The transition from Dirac-spinors to Pauli-spinors, is 
given in Appendix C of where we write for the 

the Lippmann-Schwinger equation in the 4-dimensional 
Pauli-spinor space 



r(p',p) - v(p',p) + J 



d^p" 



(27r)3 

xV(p',p") ~gip";W) r(p",p) .(2.29) 



M(p',p|W^) ^ K^'^^{p\p\W) + J ^X-'-(p',p"|M^). 

xEi+\p";W)M{p",p\W) (2.24) 



The T-operator in Pauli spinor-space is defined by 

xt^^xi'^^ r(p',p) xif xi^^ - ua{p,aM~P:'yb) 

xT(p, p") ua{p", a'^)ubi~p", a',) . (2.30) 
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(a) 



-P 



-P 



(b) 



P' 



'<2 



-P 



-P 



-P 



-P 



(C) 



(d) 



FIG. 1: BW two-meson-exchange graphs: (a) planar and (b)- 
(d) crossed box. The dashed hne with momentum ki refers 
to the pion and the dashed hne with momentum k2 refers to 
one of the other (vector, scalar, or pseudoscalar) mesons. To 
these we have to add the "mirror" graphs, and the graphs 
where we interchange the two meson lines. 



P' 



P"" 



j>-p" 



-P P 



-P P 



-P 



-P 



(a) 



(b) 



FIG. 2: Planar-box TMO two-meson-exchange graphs. Same 
notation as in Fig. |l| To these we have to add the "mirror" 
graphs, and the graphs where we interchange the two meson 
lines. 



and similarly for the V-opcrator. Like in the deriva- 
tion of the OBE-potentials ^ we make off-shell and 
on-shell the approximation, i?(p) = 7\/ + p^/2A/ and 
W = 2^p| 4- M2 = 2M pf/Af , everywhere in the 
interaction kernels, which, of course, is fully justified for 
low energies only. In contrast to these kind of approx- 
imations, of course the full k^-depcndence of the form 
factors is kept throughout the derivation of the TME. 
Notice that the Gaussian form factors suppress the high 
momentum transfers strongly. This means that the con- 
tribution to the potentials from intermediate states which 
are far off-energy-shell can not be very large. 

Because of rotational invariance and parity conserva- 
tion, the T-matrix, which is a 4 x 4- matrix in Pauli-spinor 
space, can be expanded into the following set of in general 
8 spinor invariants, see for example [E2l E3|. Introducing 



q= 2(P/ + P*) ' ^ 



p/ - p, , n = Pi X p/ , (2.31) 



with, of course, n = q x k, we choose for the operators 
Pj in spin-space 



Pi 


= 1 






P2 = (Tl ■ (T2 


Ps 


= K 


k)(<T2 


k)- 


i(*Ti-cr2)k2 Pi = ^{a,+a2) 


P5 


= ('^1 


n)(cr2 


n) 


Pe = §((Ti-cr2) 


Pi 


= (<T1 


q)(o-2 


k) + 


{(Tl ■ k){eT2 ■ q) 


Ps 


= (<T1 


q)(o-2 




{(Tl ■ k){(T2 ■ q) 



(2.32) 

Here we follow where in contrast to |^^, we have 
chosen P3 to be a purely 'tensor-force' operator. The 
expansion in spinor-invariants reads 

8 

T{Pf,p^) = ^i(P/.P^P/ -pO ^:,(P/,P.) • (2.33) 

i=i 



Similarly to (2.33) we expand the potentials V. Again 
following we neglect the potential forms P7 and Pg, 
and also the de pend ence of the potentials on k • q . Then, 
the expansion ( 2.33| ) reads for the potentials as follows 



V-^y,(k2,q2) F,.(k,q) 



(2.34) 



We develop in the following subsections a new repre- 
sentation of the TME-potentials. Included are the BW- 
graphs shown in Fig. yj, and the TMO-graphs shown in 
Fig. Ij. Also the employed notations for the momenta are 
indicated in the figures. 
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III. MOMENTUM SPACE REPRESENTATION TME-POTENTIALS 

In this section we give an outline of the procedures in making the partial wave analysis of TME-potentials in 
momentum space. 

A. TPS Central Potentials 



Consider the basic integral 
V{k) = 



with -F(ki) and G'(k2) having the generic soft-core forms 



exp [-kVA2] 



k2 



, G(k2 



(27r)3 

exp [-kVAj] 
k2 + m2 



Exploiting the identity 



exp [~kVA2] 



k2 



dt 

1 



exp 



A2 



one can write (3.1) as 



A2 / A2 

1 Jl ^^2 



d^A 

(27r)3 



exp 



The A-integral in (3.4) has been evaluated above, see (D12), and is 

tu/AjAl , 



(47ra) 



-3/2 



exp 



{t/Al + u/Ai) 



Redefining the variables t t/A^ and u w/A|, we rewrite (3.4) in the form 



V{k) - (4^)-3/2 e™^/A^e"2/A^ dt du 

J to Jua [t + u) I 

tu 



OC /"OO 



exp[— (mft + mju)] 



X exp 



t + u 



[to = 1/Af , uo = 1/Ai) 



This form we consider as the basic representation of the soft-core TME-potentials in momentum space. 



B. TPS Tensor and Spin-spin Potentials 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



In this subsection we apply the same technique as used in the previous one to the more complicated case involving 
the tensor interaction. For ps-ps in momentum space we have 



'—j^ Sik - ki - k2) F{]4)G{l4) ■ [a, ■ ki X k2] [rT2 ■ ki x ka] 



(27r)3 



d^A 
(27r)3 



[(71- Ax k] [(T2-Axk]F (A^) • G ((k - A)^) 



which leads to the basic integral to be evaluated: 

d^A 



Vmnik) 



(27r)3 



A„A„ /'(A^) •G((k- A)2) 



(3.6) 



(3.7) 
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Repeating the steps taken in the previous subsection, one arrives at the analogue of (|3.4[): 



e 



dt 



1 A?7i A 



du 



A,„A„ exp 



t u 
Af + A 



,+^)A^ + (2k.A-k^^ 



Ai 



Using the integral 



^3 A 1 

A™A„ exp [-aA^ + 26k • A] = (47ra)-3/2 _ 



(27r)3 











exp 


a 




a 



one obtains, again after the redefinitions t ^ t/ K\ and u u/ for Vmn the expression 

exp[— (mfi + m^u) 



dt I du 



2 ^mn 



(t + u) 







exp 


[ ( V^l 



It is clear that in (3.6) only the (5mn-term contributes. The result is 



V{k) 



(cTi • k) {(T2 • k) - - ((Ti • 0-2) k^ 



#(k2) + 3 (Ti • ^2) ff(k2) 



with 



du 



exp[— (m^i + m^u)] 
{t + 



X exp 



tu 
t + u 



(3.8) 



(3.9) 



(3.10) 



(3.11) 



From equations ( |3.1C| )-( 3.11 ) one can read off immediately the projection of ( |3.6| ) onto the spinor invariants ( ^.33 ). 
In Appendix ^ the same result is derived in an alternative way starting from the configuration space potentials. 



IV. GENERAL PS-PS EXCHANGE POTENTIALS 

In [^) the derivation of the ps-ps exchange potentials both in momentum and in configuration space is given. In 
this reference the configuration space potentials are worked out fully. The topic of this paper is to do the same for 
the momentum space description. In particular, the partial wave analysis is performed leading to a representation 
which is very suitable for numerical evaluation. 

From Q it appears that the momentum space TME-potential can be represented in general in the form 

V^piy) = -j^ dA ^ w,{\) j ^ 0„Mk,A) F«(A^A) f]^\{\.- A)\X) . (4.1) 

Here, stands for the number of different types of A-functions. and Wi{X) are the corresponding weights. The 
operators Oap are for example in the case of ps-ps exchange given by, see [| Table II, 

0//^(k,A) = 2(A.(k-A))'-2[*Ti. Axk][<T2-Axk] , 

0^^(k, A) ^ 2 (A • (k - A))' + 2 • A X k] [(T2 • A X k] . (4.2) 

In |2^ we remind the reader of the precise contents of these operators. As an example for the J2i give explicitly 
the case of TTTj-exchange, the planar BW- and TMO-graphs, and the BW-crossed graphs. These can be written as ||] 

V;//^^(k) = j ^^O/J^'^iK^) [i?.(A^m.)i?,((k~A)^m,) 



-^^^(A^, ^ml + A2) ^^„((k - A)2, + A2) e-^'/^-e-^ /^J . (4.3) 

Here, the (-l-)-sign refers to the parallel graphs (/ /), and the (— )-sign to the crossed {X) graphs. 
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A. Integration over A-parameter 



Since, due to the use of ( |3.3| ) and gaussian form factors all integrations ov er A become gaussian, they can be 
performed analytically. Consider for example, the type of integral appearing in (4.3). We write 



dX f d^A 



TT Jo A2 y (27r)3 

-F^{A\ ^ml + A2) Fg((k - A)2, ^ ml + A^) e-^'M^e^^'/^i 



(4.4) 

Going through the same steps as between equations ( |3.3[ )-([3.5|), we get for the second part between the square brackets, 
an extra A-dependent factor 

g-(AVA?)tg-(AVA^)u g-A=(t+«) ^ 

where we applied again the same variable redefinition as before, i.e. t and u — > u/Kl. Then, the needed 

A-integral in (4.4) is 



d\ 



1 - e 



(4.5) 



Therefore (4^) becomes, compare with (p.l[)-( 3.5), 

V^(k) ^ (27r)-2 e™?/^?e"^/^^ 
tu 



dt 



du 



cxp[— (m^t + m|u)] 



X exp 



t + u 



[to =. 1/Al uo = 1/Al) . 



(4.6) 



Similarly, all A-integrations can be performed explicitly. 



V. PROJECTION PS-PS EXCHANGE ON SPINOR INVARIANTS 

The different contributions, as adiabatic, non-adiabatic, pseudovector-vertex corrections, and off-shell potentials, 
are in direct correspondence with their configuration space analogs, given in j^. 

A. Adiabatic PS-PS Exchange Potentials 

We now have prepared all the necessary ingredients for putting things together and to list the projection of ps-ps- 
exchange onto the potentials Vj. We write 



where 



Vl°\k) = (47r)-3/2 e™?/^ie"^/^^ 



X exp 



tu 
t + u 



dt / du 

to Juo 

nf\k';t,u), 



exp[— (m^i + m|u) 
{t + u)3/2 



(5.1) 



2 / \ 2 

InNtt \ I InNti \ 



1 ft"^ - 8ut + u^ 
t + u 



2, ,2 



t^U 



[t + uf- 



15 

k^ 



2/tTu_ 

[t + uY ' 



^t"\\.'-t^u) 



-4 c^' 



NNtt\ f f_NNrj\ 1 

rriyr J \ J 3 



y/t + u 
{t + u) 



nf-'//\k';t,u) 



2 „(/) / /jVjV7r \ / fNNri \ I ^/t + U 

I J [ J ' 2{t + u) 



(5.2) 
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where Cj^nj /{I) denotes the isospin factor. 



Expressions similar to (5.2) hold for the contribution of the crossed BW-graphs (X), and are given below. Note the 
difference in the 0-operators in (4.2) and Dx(wi,W2) — — -D//(a;i, (^2)- 



or'(.<':.,.)^-;|c<V(^)"(^)^{i^ 



2 V t + u J \{t + u)^J j (t + u) 

2 



y/TT '^"'^ \ J \ J 3 [t + u) 



It is convenient to introduce the expansions 



™(k^;M) = ^C^^'i(/A^)f^)7^)'-E Tf)^^-"^"(^,.) (k^)'= . (5.4) 



The functions Tj^k{t,u) are given in Table 



B. Non-adiabatic corrections 



The denominators D^^\u;i,U!2) for the non-adiabatic corrections are given in Ref. Table III. In appendix B of 
[H it is explained how has to be treated. It follows that 



1 / d 



d 



1 \ 1 



2 \dml Af dml 



and one finds from (3.4) and (5.5) that the contributions to the vj^^ can be written in the form 



(5.5) 



x-{t + u)- exp 



'3/2 ^mj/Aj^rnl/Al 



oo />oo 



to 



dt / 



exp[— (m^t + m 
{t + m)3/2 



tu 
t + u 



(5.6) 



The ri^"'^"-' are given by 



15 ft^ - hut + u^ 
t + u 



+ -tu 



3 ft^-hut + u' 



(I) 

NN.// 



TNNtt 



(t + uy 



f Inn,] \ " f J_ 



(/) / JnNtt \ ^ / JnNt) 



n^t^"\k^-t,u) = c 



NNtt 



(I) 



105 

t^u^ 

JtTuf 

2 



1 



(t + u)^ 
5^1 tu , .J 



4 2t + u 
5 I tu , 



[t + li)2 



^ •- 5-2 



4 2i + -u 



1 



t + u 



[t + U)2 
1 

Jt + uf ■ 



(5.7) 
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Again, similar expressions hold for the contribution of the crossed BW-graphs (X), and are given below. See for the 
differences in the O'-'^'-operators equations (5.3) and (5.4), and D^^\u;i,uj2) ~ — 21?^^ (wi, W2), cfrm. Table III of 



15 ft^ - hut + u' 
t + u 



+ -tu 



- 5ut + V? 



105 



{t + uY 
2 



3, ,3 



1 



[t + uf 
1 tu , 



2t + u J [t + uf ' 



(5.8) 



Pseudovector-vertex corrections 



Here, only the crossed BW-graphs contribute From the denominators D^^\loi,lo2) — I/uJiLO^ fo'^ 

pseudovector-vertex corrections |^ one finds that the contributions to the V^^^ can be written in the form 



dt / du 

to J Uq 



exp[— (m^i -|- ra\u) 



X exp 



tu 
t + u 



(5.9) 



where 



n["'-''\k';t,u) = C 



{I) 

NN.X 



k2 



5 f t^ - 2tu + u^\ , 2 



t + u 



tu 



n^l''''\\^-t,u) = C 



{I) 

NN.X 



1 

t^ +u^ 
[t + uf 



15 

y 



1 



{t + uY ' 

\ , nl 1 



t + u 



t + u 



(5.10) 



D. Off-shell corrections in TMO-diagrams 



Also in this case the denominators are D^^\loi,lu2) = I/ujiLo^ and one finds that the contributions to the 1/ 
can be written as 



(1) 



t^/'"^(k) - (4^)-3/2 g™?/A?g™^/A5 I dt I du 



exp[— (m^t + m\u) 

(t + M)3/2 



X exp 



tu 

t + u 



n^'''\\Y;t,u) 



(5.11) 



The potentials are very similar to the pseudovector-vertex corrections given above, see B, section V.C. We have 
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(7) f InNtt f InNi) ^ ^ ^ 1 ^ 



NN,// 



\ J \ 2M J 



2 / J, X 2 



o-/'>,.^,„, = ci;>.„(/^^) (^) (^) 

Similarly to ( |5.4| ) it is convenient to introduce the expansion 



1 



-5 + 2 



tu 



t + U 



t + u 



The functions Tj,k{t,u) are given in Table III- VI 



(5.12) 



(5.13) 



VI. PARTIAL WAVE ANALYSIS 



A. General Structure 



We write the potentials listed in the previous section in the general form 

tu 



dt 



du w{t, u) exp 



t + u 



where for the adiabatic, the \/M pv- and off-shell corrections the weight function w{t,u) = WQ(t,u) with 



Wo 



\2 exp[— (m^t + m^u)] 
{t + u)3/2 



and for the non-adiabatic corrections, cfrm. (5.6), 

Wna{t,u) = ^2^2 ^ ~ + ") j Woit,u) 



(6.1a) 



(6.1b) 



(6.1c) 



From k^ = pj + pf — 2pfPiZ, where z = cos 6, and the fij's one readily sees that the potential contributions can be 
written in the form 



V,(k) ^ I dt j duw{t,u) ( Xj(i, u) + zy,(t,u) + z^2'j(t, u) ) -exp 

to J Uo 



tu 

t + u 



where 



X,{t,u) = [T,.o{t,u) + {p)+pi) T,.,{t,u) + {p)+pjf T,,: 
Yj{t,u) = -r-i[2pfp, Tj^i{t,u)+Apfp^{pj+pj) Tj,2] , 
Z,it,u) - T,[4py,T,,2] ■ 
Here, Tj is a combination of isospin and coupling constant factors. 



(6.2) 

(6.3a) 

(6.3b) 
(6.3c) 



B. Partial Wave Projection 

The partial wave projection of ( pl3| ) can be done easily. Using formula 10.2.36 of reference one derives that 



e- = Y.{2L + 1) fL{2^p}p,)PL{z)-e-^^^'-P'^ ,7: 



L=0 



t + U 
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Here, the function is defined as 



(6.5) 



We no te t hat in the form ( |6.4[ ), the gaussian damping in the ofF-shell momentum region is manifest. 
From (6^) and the recurrence relations for Legendre polynomials, one readily obtains e.g. 



L=0 



-"^^ = ^(2i + l)(^^^/^_, + i^/^+ij(27P/P.)i^LW-e- 

+ - 1 



L + l 



E(^^+^)( (2.+i)r2li) /--+ 



L=0 



(2L- 1)(2L + l)(2L + 3) 



■liPf-Pi) 



h 



(L + l)(L + 2) 
(2L + l)(2L + 3) 



(6.6) 



Using these results the partial wave contributions can be worked out in a straightforward manner. The basic partial 
wave projections needed are 

1 /■+^ 1 
UL{t,u) = 2j dz Pl{z) exp(-7k2) , RL{t,u)^- J dz z Pl{z) exp {--fli^) , 



SL{t,u) 



1 

-J dz z'^ Pl{z) exp(-7k2 



where 7 = tu/ (t + u), and the fimctions Ul, Rl, Sl can be read off from (6.4)-( |6.6[ ). Writing 

4 

nP/,P.)=E^^(P/'P'')(P/l^:'-|P^) ' 

the partial wave expansion of the -functions reads 

00 

Vj{pf,p.,) = ^ (2L + 1) y«(x) PLicose) . 



(6.7) 



(6.8) 



(6.9) 



L=0 



Using (6.4)-(3.6) the partial waves Vlf^ (x) for the TME-potentials can be written as 



dt 



du w{t, u) 



Xj{t,u) UL{t,u) + Yj{t,u) RLit,u) + Zj{t,u) SLit,u) 



Sl [Xj ■ Ul + Y, ■ Rl + Z, ■ Sl\ 



(6.10) 



C. Partial Wave Projection Spinor Invariants 

Distinguishing between the partial waves with parity P = (^)'^ and P = — (— )'^, we write the potential matrix 
elements on the LSJ-basis in the following way (see e.g. [p2|, section VII): 

(i) P=(-)^: 

(p/; L'S'J'M'\ V b,; LSJM) = 47r ^^-^'+(5', S)5j.j Sm'm Sl'l • (6.11) 

(ii) P = -(-)■': 

{pf;L'S'J'M'\ V \p,;LSJM) = 4nSj,jdM'MSs'sV-''-{L',L) . (6.12) 

For notational convenience we will use as an index the parity factor ?/. which is defined by writing P = ?/(— )'^. The 
P = (— )'^-states contain the spin singlet and triplet-uncoupled states(ry — +), and the P = — (— )'^-states contain the 
spin triplet-coupled states {rj = — ). 
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In nucleon-nuclcon the proton neutron mass difference Mp — Mn is small, and, except for very special studies, the 
spin singlet-triplet transitions can be neglected. Actually, in the TME-potentials we take Mp = M„ = M^v- As a 
consequence there are no anti-symmetric spin-orbit potentials, so Vi, = 0. Also, since we restrict ourselves to terms of 
order up to and including 1/Mjv, there are no contrubutions to the quadratic-spin-orbit potentials, i.e. V5 0. Also, 
in nucleon-nucleon one can neglect terms with P^ and Pg p^ . Therefore, we can restrict the partial wave projection 
of the spinor invariants to the cases Pi, P2, -P3, and P4. 

Below we list the partial wave matrix elements for 77 = ± for the different Vj Pj, {j = 1, 2, 3). Here we restrict ourselves 
to the matrix elements 7^ 0. 
1. central Pi = 1: 



4^<5,/.,/(5M'MPr"(P' S',LS) 



{pf;L'S'J'M'\V^^'>Pi\p^;LSJM) 
with F^^'^iL' S',L S) 

2. spin-spin P2 = cri ■ cr2'- 

ipf;L'S'j'M'\V^^^P2\p,;LSJM) = Air Sj,j Sm'm F^'\L' S\LS) , 

with F^'^'iL' S',L S) 

3. tensor P3 = (cri • k)((T2 • k) — ■|(ti • cr2)k^: 



{pf-L'S'J'M'\V^^^P^\p,-LSJM) = ^{p)+pj)Sj'j5M'MFi'^{z,j) , 



where i = S' and j ~ S for ?/ = +, respectively i ^ L' and j ~ L for rj = 
(i) triplet uncoupled: L = L' = J, S ^ S' = 1 



^3^'+(l,l) 



^2J + 3^(3) 



2J- 1, 



V 



(3) 



V2J+I '^-1^ 2J+1 '^+1 



(ii) triplet coupled: L = J±1, L' = J±l, S = S' = 1 



Fi'-{J-l,J-l) 



J -I 
2J+ 1 



^,7-1 



1 



■ sin 2?/' 



2J-3 
2J- 1 



V 



(3) 



2J- 1 



J-2 



P/--(J-1,J+1) = -i^f^^^ 



Fi^-{j + i,j-i) 



2J+ 1 

,v/j(jTT) 



2J+ 1 



- sin2V' V;)^^ + {cos^ Wj% + sin^ i'Vf+i 

- sin2V' Vj^^ + (^sin^ V'V;]!,^ -t- cos^ V'KjJfi) 



yj^\ + -sin2V' 



2J_f5 
2JT3 



V 



(3) 



2 J + 3 



where we introduced 



cos?/" 



4. spin-orbit P4 = |(cri + cr2) • n: 

{pf;L'S'J'M'\V^^^P4\pi; LSJM) 
(i) triplet uncoupled: L = L' = J, S = S' = I 



sini/) = 



Pf 



4:TTpfPiSj,j Sm'm Ff-''{i,j) . 



p/-+(i,i) = -fy]!^i-y);\]/(2j + i) 



(4) 



(6.13) 



(6.14) 



(6.15) 



(6.16) 

(6.17a) 
(6.17b) 
(6.17c) 
(6.17d) 

(6.18) 



(6.19) 



(6.20) 
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(ii) triplet coupled: i = J±l, L' = J±1, S = S' = 1 



f/-(j-i,j-i) 



i^/^"(J+l,J+l) 



{J- 

(2J- 


-1) 
-1) 






(2J- 


^2) 
^3) 




- vn. 



(6.21) 



With the matrix elements of this section, the partial waves for the potentials can be readily derived. Henceforth, 
we will use the following shorthand notation for the potentials: 
(i)P=H'^: 



(ii)P=-(-)^ 



= l/^^-(J- 1, J - 1) 



0,2 



^■^■+(0,1) 

i-^^+(i,i) 



(6.22) 



3,1 



F^^-(J+ 1, J - 1) 



''1,3 ~ 
''3.3 — 



v-^--[ j - 1, J + 1) 
y^^-(j + i, j + 1) 



(6.23) 



where it is always understood that the final and initial state momenta are respectively p f and pi . So Vq^q ~ VJj'^q (p / , ) 
etc. Since 



iPf,P^)= yo,2 {P^,P^) , Vs,! {P^,P^)= iPr,Pf) 

we will give in case of the off-diagonal terms only the explicit expressions for VQ 2iPf,Pi) and Vi2{pf,pi). 



(6.24) 



D. Partial Wave Projection Potentials 

The momentum space partial wave central (C), spin-spin (a), tensor (T), and spin-orbit (5*0) potentials Vj 
vj^^'^ (p f , Pi) etc. lead to the following partial wave potentials ^ 0: 



(C) 



^0.0 



2,2 



^1,1 



•'1,3 



3,3 



r{C) 



in 



An 



V 



3V 



V 



/2J + 3 (T) 



-p,p.{vr;^-vf:i')i{2j^x) 



3 "-'^ 2J+ 1 

+P,p,(j-i)(yi!?)-i^r))/(2j-i) 



2J- 1 
2J+ 1 



V 



(T) 



-Vj^\ + -sin2V' 



2J-3 
2J- 1 



(T) 



47r 



47r 



(<i + + I (P^P.^) ^ + ^ sin2^ f T/F^ 

-p/p,( J + 2) - /(2 J + 3) 



2J-K5 
2J + 3 



Notice that Vq2 = V'/o = because 



0. Furthermore, V^^ = 3 



J+i 



2J-1 "^'^-^ 



2^+1 y(T) 
2J + 3 ^^+2 



(6.25a) 
(6.25b) 

(6.25c) 
(6.25d) 

(6.25e) 



VII. ADIABATIC PS-PS POTENTIALS 



Adiabatic PS-PS Coefficients 



Defining the shorthands A(jjf^pi) and B{pf,pi) by 



= {p} +p'^) -2pfp,z = A- Bz , k^ = -2ABz + B^z'^ 



one obtains from for the coefficients X^Y,Z ^ 0: 



(i) central: 



(ii) spin-spin: 



(iii) tensor: 



X ■ 



^ +4 , ,2 A{pf,pi)B{pf,p,^ ' 



X 



u 



[t + uf) [t + u) 



xi"\t,u)^-^dP,Jl^) (/^) ■Aip,,p^).^ 
Y^"'{t,u) ^ C)^'j^ [ '-] ■ B{pf,p,) ■ ——- , 



^ \ J \ J {t + u) 



For tlie X-diagram contributions one has 









_yy/) ^iX) ^ _^(//) 


xf) = 






, y(//) 


xf) = 









B. Adiabatic PS-PS Partial Wave Potentials 

The central, spin-spin, and tensor partial wave contributions are 

vPiPf,p,) = Sl [Xi - Ul + Yi-Rl + Zi- Sl] = Sl [Xc • U^] , 
vt\pf^P^) = Sl [X2 ■Ul + Y2-Rl + Z2- Sl\ ^ Sl [X, • U^] , 
V^^\pf.P^) = Sl[X^-Ul] , 
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where 



XT{t,u) = X. 



(//) 



X 



(7.7) 



47r 
47r 



(T) 



- sin 2-0 

AT) 



2J + 3 ^(T) 



2J- 1 



(T) 



and similar formulas for Yc,a.T and Zc.a,T- 

The momentum space partial wave central, spin-spin, and tensor potentials y£ {pf,pi) etc. lead to the following 
contributions: 

<oH) 



(C) . ^Aa) 



2J+1 2J+1 "'+^ 



-V}_{ + -sin2^/' 



2J-3 



2 J 



(T) 



2 J - 1 -'-^ 



in 



in 



2J+ 1 



sin2V' vP 
J + 2 



(cos^ V Vj^{ + sin^ Vj+I) 



2J+ 1 



_y(t} 



■ sin 2tp 



2J + 5 (T) 
2J + 3 



2J+1 (T)^ 

2J + 3 ^^+2, 



(7.8a) 
(7.8b) 

(7.8c) 
(7.8d) 
(7.8e) 



APPENDIX A: MISCELLANEOUS INTEGRALS grand: 



In this appendix we list a number of useful integrals. 

(i) Consider the integrals with p-components of the A- 
vector in the integrand: gaussian integral 



Am.-. An exp [-aA^ + 25k • A] 



(27r)3 

(4^a)-3/2 {2b)-P V„...V, exp 



— k2 

a 



(4™)-3/2 n(^).„(k2) exp 



The first tensors Ilm\.n are found to be 



-k2 

a 



(Al) 



n(o) 
n(3) 

n: 



1 ( 1 



a 2 



mnk 
(4) 



rnnkl 



1 6^ 
4 2 a 

X [Smnkkkl + Smkknkl + 5nkkmkl 

+ '5fcifcmfcn + ^rnlkkk-n + Snlkkkm] 

a 



J^'H^) = (^')' exp[-aA2 + 26k.A] 

-^y.(47ra)-^/2exp^ 
(47ra)-3/2 r(P)(k2) exp 



(A3) 



The first tensors rm-* „ are 



r(o) 
r(2) 
r(3) 



1 , r(i) - - 

2a 



3 + 2a ( - 1 k2 

a 



1 

4^ 
1 

8^ 



15 + 20a 



4a^ 



105 + 210a - k2 + 84a2 - k 



+8 



^) k« 



(A4) 



(iii) Consider the integrals with p-factors A • k in the 
integrand: 



/r/3 A 
(A • k)P exp [-aA^ + 25k • A] 



(A2) 



/I ay 


\ b\2\ 


[2db) 


+— k2 

a 



(ii) Consider the integrals with p-factors A^ in the inte- 



= (47ra)-=^/2 
= (47ra)-=^/2 s(p)(k2) exp 



a 



(A5) 



17 



The first coefScicnts S*^p^ are 



The first tensors Fm'^.n, with p,q ^ 0, are 



S(o) = 1 , Sd) = - k2 
a 



2a 



E(3) - 



1 + 2a ( - I 

a 



3 + 2a I - I 

a 



(A6) 



(iv) Consider finally the more general integrals with p- 
factors and q-factors A • k in the integrand: 



^(P,9)(k) 



(A^)P(A • k)« exp [-aA^ + 26k • A] 

62 - 



r(i.i) 
r(i.2) 



-f- 

2a V a 



5 + 2a I - I k^ 

a 



1 



5 + 16a(-^ k^+ia^f-] k^ 
a / V a 



(27r)3 

62 



4a2 V a 



35 + 28af -Vk2+4a2 f-Vk4 
a / \a 



a 



k2 . 

(A8) 



exp 



-k" 

a 



(AT) 



J 



APPENDIX B: INTEGRATION DICTIONARY 



In this appendix we give a dictionary for the evaluation of the momentum integrals that occur in the matrix elements 
of the TME-potentials. The results of the c?3/\_integration are given apart from a factor (47ra)~3/2 (q, = t + u), common 
to all integrals. Using the results given in Appendix |A| one obtains: 



a. (ki-k2)2 = (A-k-A2)' 

- 8ut + 



15 + 2 



t + u 



k^ +4 



2, ,2 



{t + uf 



b. [ai ■ ki X k2] [(T2 ■ ki x k-z] = [cri • A x k] [(T2 • A x k] 



((Ti • k) (<T2 • k) - - (^1 • rT2) k2 



1 



t + U ' 



(Bl) 



(B2) 



c. [(0-1 + 0-2) • ki X k2] q • (ki - ka) = [{(Ti + (T2) • A x k] q • (2A - k) 

^ [(0-1 + (T2) • q X k] • , 

t + u 



(B3) 



d. (ki • k2) (k2 + k2) = -2 (A • k - A2)" + (a • k - A2) k2 



- 2tu + 
t + u 



e. (ki-k2) = A-k-A2^ 



/. (ki •k2)3 = (A-k- A^)' 



k^ - 2tu 



-3 + 2 



^2 +u2 

(t + M)2 

tu 



{t + uY 



t + U 



1 



t + U 



-- <^ 105 + 30 — k2 - 12<M — ^ — k-* - 

8 \ V t + U J \ (t + u)^ 



t-^u 



[t + uY 



g. (ki • k2) [cTi ■ ki X k2] [0-3 • ki x k2] = (A • k - A2) [cti • A x k] [era • A x k] 



{t + uf 



(B4) 
(B5) 

(B6) 

(B7) 
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h. (ki • k2)[(o-i + 0-2) • ki X ka] q • (ki - ka) = (A • k - ^^)[{(Ti + (T2) • A x k] q • (2A - k) 



(B8) 



APPENDIX C: ON THE LSJ-REPRESENTATION OPERATORS 



The spherical wave functions in momentum space with quantum numbers J, L, S, are in the SYM-convcntion ||] 

y'/LsiP) - C'Mtf,^„i(P)X^ (CI) 

where % is the two-nucleon spin wave function [Eq| . Then 



2L- 1 



L + l 
2L + 3 



1 1 

L-l S J 

L S j' 
1 1 

L + l 5* J 



3^)i-i5(p) 

yji+i5(p) 



(C2) 



where the 9j-symbols differ from |29 , formula (6.4.4), in the replacement of the 3j-symbols by the Clebsch-Gordan 
coefficients and by leaving out the msa-summation (see [|30|). Working this out explicitly, wc find 

(s-p):v,f,_n(p) = -*«j3^jSi(p) 

(s.p):yjS+ii(p) = ^bjyfj^ip) (C3) 

(C4) 
(C5) 



(s.p)3;,f,i(p) 



flj3^,/j-ii(p)-*^7 3^jj+ii(p) 



where 



oj = 



J+ 1 



6,7 = - 



J 



2J+1 ' V2J+1 

Ordering the states according to L ~ J — I, L = J, L = J + I ,we can write in matrix form 



L = J -1 
J 

J + 1 



Sp 



L = J- 1 
J 
J+1 











iaj 










—ibj 






Similarly, using for — i(p/ x p^) • S for sperical components the formula 



~i{pf X Pi)r, 



47r 



^/2C^^>,l(p/)y,l(p,) 



(C6) 



(C7) 



one can work out the partial wave matrix elements involving this operator. 

From the results above one can derive the following useful partial wave projections for the spin triplet states: 

a^Vj^i -ajbjVj^i 

{L'lJ\V{k^){S-p,f\LlJ) = 4tt 







Vj 







(L'1J|(S •p/)V(k2)|LlJ) = 47r 



{L'lJliS ■ pf)Vik^){S ■ p,)\LlJ) = 47r 



-ajbjVj+i b^jVj+i 

( a^jVj-i -ajfejK/+i 

Vj 

V -ajbjVj 




(C8a) 



(C8b) 



(C8c) 
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and 



{L'lJ\-i{pfXp,)-SV{k^)\LlJ) 



2J+1 



[J -l)iVj-2-Vj) , L = L' = J-1 

-iVj-i-Vj+i) , L = L' = J 
-{J + 2){V.j -V.j+2) , L = L' = J+\ 



(C9) 



Using the identity 



the tensor operator can be written as 



(,Ti-a)(cr2-a) = 2(S-a)2-a2 



P3 = (^l-k)(^2-k)-i(<Ti.^2)k2- J[P?512(P.)+P?^12(P/)] 



(CIO) 



-4 (S • p/) (S • pO + 2z (p/ X pO • S + - (p/ • p,) S2 

where the momentum-space tensor-operator 5*12 is defined as 

5'12(P) = 3((Ti • p)((T2 • p) - (CTI • (T2) 



(Cll) 



(C12) 



From th e for mula s giv en in this appendix the partial wave projections of the several potential forms, as given in 
sections VIA and VII, can be deriv ed in a straightforward manner. In case of an extra factor (py • p;), as occurs for 
example in the second line of (Cll), we simply use the expansion 



(p/ • p,) l/(k2) = p/p, ^(2L+ 1)14 (x)Pl (cos ( 

L=0 



(C13) 



where 



Vl 



2L + 1 



[{L + 1)Vl+i+LVl-i] 



(CM) 



APPENDIX D: FOURIER TRANSFORMATION COORDINATE- TO MOMENTUM-SPACE 

In this appendix we give an outline of how the potentials in the coordinate representation can be translated to 
their momentum space counterparts in a direct way. Of course, we utilize the same techniques as described in this 
paper. We treat the more complicated case of the tensor potential. In this case the coordinate space potentials are 
complicated. Nevertheless, we show explicitly how they are connected with our momentum space representation. 



TPS Tensor and Spin-spin Potentials I 



To appreciate this method in the case of TME-potentials, we consider as a typical example the potential 



V{r) = 



(Pki 



i(ki+k2)-r 



(27r)3 J (27r)3 
X [a, ■ (ki X k2)] [CT2 ■ (ki X k2)] F(k?)G(ki) 

This potential, in terms of the Fourier transforms F{r) and G{r) has been given in fl^ and reads 



V{r) 



lF'(r)G'(r) + ^F'{r)G"ir) + iF"(r)G'(r) (a, ■ a^) 
-\ \\F'{r)G'{T) - -F'{r)G"{r) - -F'\r)G'{r) Su , 



(Dl) 



(D2) 
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where F'{r) = dF(r)/dr etc 
projec 

y(k) 



In seeking the projection on the spinor invariants, we wish to write for the momentum space counterpart of (Dl) as 



3 <5(k - ki - k2) i?(k?)G(k2) [^1 . (ki X k2)] [<T2 • (ki X k2) 



(27r) 



(cTi • k) (0-2 • k) - i (o-i • (T2) k^ 



(D3) 



It is now our task to find Vcr,T(k). To proceed, we notice that one can easily see that (D2) can be written in the form 



V{r) = '^H.ir) {(72 ■ CT2) + ^HT{r) Si2 , with 



H.{r) 



2 d 
r dr 



H'(r) , and Hrir) 



1 d 

r dr 



H'{r) 



where the function H{r) satisfies the equation 

1 d 



H{r)^-^F{r)--^G{r) 
r dr r dr r dr 



(D4) 



(D5) 



To solve the problem posed in this section, it is necessary to find the Fourier transform i/(k^). To solve this problem 
we exploit the following lemma: 

Lemma 1 // two functions hir) and H{r) are related by h{r) = {1 / r)dH / dr , then their fourier transforms /i(k) and 
_ff(k) satisfy 



ld_ 

r dr 



dk2 2' 



{D6) 



Introducing the 'little' functions h{r), f{r), g{r) by 



hir) EE -^H{r) , fir) ee i-^F(r) , gir) ee -^Gir) , 
r dr r dr r dr 



and from (D5) these satisfy the relation /i(r) = /(r) • g{r). 

Next we assume the following generic soft-core forms for F and G: 

~ expf-kVA?] - , expT-kVA^l 

k^ + TOT k^ + TO, 



(D7) 



The solution for /(k^) and ^(k^), using the differential equations for the Fourier transfomrs as given in ( |D6| ), is 
discussed in fel. Appendix C, and reads 



cxp(to?/A?) E, [(k2 + TO?)/A?] 



cxp {mj/Al) E, [(k2 + mj) /A 



I] . 



(D8) 



where Ei is the exponential integral |26|. Then, the Fourier transform of hir) = fir) gir) as follows from (D5) is given 
by the convolution 



/i(k) = /*g(k) 



d^A 
(2^ 



/(A2)5((k-A) 



With (^) we obtain 
hik) 



d^A 
(2^ 



El [(A^ + mj) /Afl ■ El ( (k - A)' + ml] /A 



(D9) 



(DIG) 
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Now, the A-intcgral can be performed as follows 



(2^)= 



A? 



El 



(k-A) 



^^2 



dt r°° du 
t .A u 



d^A 




(27r)3 


exp 


dt p 


du 


t Ji 


u 


d^A 




(27r)3 


exp 



(A"+mj) 
A? 



A? 



• exp 



(k - A)^ + m\ 

^^2 



A2 



The A- integral in the last line of ( Dll ) has a standard Gaussian form and is given by 

lA ^-3/2 
= (47raj exp 



r d^A 




1 (2^)3 





{t/Al + u/AD 



t u 

'"^*^«=a! + a| 



In this form, the derivative w.r.t. k^ can be taken easily, and we finally obtain for H the solution 

-5/2 



tu/KlKl 



I TO? \ / to| 1 

X exp I - j^t j exp y-Jq^ ) exp 



t/Af + u/Al 



Redefining the variables t t/Af and u — > w/Aj, one can rewrite (D13) in to the form 



-i(47r)~3/2e™i/^ie™^M2 



dt 



to 



du (t + u) 



-5/2 



exp 



tu 



t + u 



{to = 1/Af, uo = 1/A^) 



Notice that this is the same result as obtained in (3.11), as it should. 



(Dll) 



(D12) 



(D13) 



(D14) 
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TABLE I: Coefficients T^"^ for the planar (//) adiabatic ps-ps contributions. 



roU/Kt,u) Ti(//)(t,u) T2(//)(t,^) 



ft'; 



(0,//) 



a 



(0,//) 



a 



(0,//) 



15 ^/FTu 
T {t + u)'2 



l yt + u 
'2 (t + u) 



- 8ut 4 
t + u 



yt + u 

(t + u)^ 



t'u" 



(t + u)2 (t + u)^ 



1 _v/r+u 

3 {t + u) 



TABLE 11: Coefficients T^^l for the crossed (X) adiabatic ps-ps contributions. 



To(X)(t,u) 



ri{x){t,u) 



r2{x){t,u) 



n; 



15 yt + u 
T {t + u)'2 



2 V t + u ) {t + u^ 



t^u^ yt + u 
\t + uY {t + uY 



a 



{0,X) 



1 yFTu 

'3 (t + u) 



(0,X) 



1 yr+n 

"^2 {t + u) 



23 



TABLE III: Coefficients t'^;;'' for the planar (//) non-adiabatic ps-ps contributions. 



T(^"'(//)(t,u) /){t,u) 



105 1 

8 (t + u)^ 



5 1 



4 {t + uy 
1 



15 

' 4 



5 1 



6 {t + uy 

1 tu 

2 (t + w)3 

2ttt 



1 tu 



3 + 



TABLE IV: Coefficients T$.\"' for the crossed (X) non-adiabatic ps-ps contributions. 



T(^"'(X)(t,u) 



T(^"'(X)(t,u) T(i'''(X)(t,n) 



+ - 



105 1_ 

4 (t + t 



5 1 



15 /t^ - 5ut + u^ 
5 1 



V - hut + u^ 
(t + 

2 



2 m)2 



3 (t-f u)2 
tu 

{t + U)3 



3 (t m)3 



TABLE V: Coefficients T^^^^ for the pseudovector-vertex correction ps-ps contributions. 





T(")(t,n) 


r["'\t,u) 


Ti"'\t,u) 




15 1 


5 ft'^ -2ut + u'\ 1 


t^ + tu 


2 {t + uY 
1 


2\ t + u ) {t + uY 
2tu 




f + ?i 


{t + u) 





TABLE VI: Coefficients T^^;,^^ for the off-shell corrections TMO-graphs ps-ps contributions. 





r^t\t,u) 


T['^\t,u) 




j^(lc,TA/0) 
^{\c,TMO) 


15 1 


5 /t^ - 2uf-hu2\ 1 


1 t^ +u^ tu 


4 {t + u)^ 
5 1 


4 V t + u ) {t + u)'^ 
tu 


2 {t + u)'^ {t + u)'^ 


2t + u 


{t + u) 





